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On the pro-p-Iwahori invariants of supersingular
representations of unramified U(2, 1)
Peng Xu
Abstract
Let G be the unramified unitary group U(2, 1)(E/F ) defined over
a non-archimedean local field F of odd residue characteristic p. In
this paper, for any supersingular representation of G that contains
the Steinberg weight, we prove its pro-p-Iwahori invariants, as a right
module over the pro-p-Iwahori–Hecke algebra of G, is not simple.
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1
1 Introduction
Let G be the unramified unitary group U(2, 1)(E/F ) defined over a
non-archimedean local field F of odd residue characteristic p, and K be
a maximal compact open subgroup of G. Let IK be the Iwahori subgroup
in K, and I1,K be the pro-p-Sylow subgroup of IK .
In this paper, we prove:
Theorem 1.1. (Theorem 6.1) Let π be a supersingular representation of G
containing the Steinberg weight of K. Then, we have
dimFpπ
I1,K ≥ 2.
Here, an irreducible smooth Fp-representation of G is supersingular, if
it is a quotient of certain spherical universal modules, see 2.3 for the precise
definition.
Indeed, what we proved in Theorem 6.1 is conceptually stronger than
that stated in Theorem 1.1: as a counterpart to a result of Barthel–Livne´
on GL2 (Theorem 7.2), we propose a naive conjecture (3.2) on the pro-p-
Iwahori invariants of supersingular representations of G, and we prove it for
those containing the Steinberg weight.
Remark 1.2. Any spherical universal module of G is infinite dimensional
([Xu16, Corollary 4.6]). Therefore, supersingular representations of G con-
taining a given weight do exist. Moreover, according to the philosophy of
Breuil and Pasˇku¯nas on GL2 ([BP12, Proposition 10.2]), it is indeed very
likely that there are infinitely many non-isomorphic supersingular represen-
tations of G containing a given weight.
Our motivation of this paper is to understand the pro-p-Iwahori in-
variants of irreducible smooth Fp-representations of G. Let H(I1,K , 1) :=
EndG(ind
G
I1,K
1) be the pro-p-Iwahori–Hecke algebra of G. For a smooth Fp-
representation π of G, its pro-p-Iwahori invariants πI1,K is naturally a right
module over H(I1,K , 1). On one hand, when π is an irreducible subquotient
of principal series, we understand it well: πI1,K is simple over H(I1,K , 1)
([KX15, Corollary 4.4]). On the other hand, when π is a supersingular
representation, we know very little about πI1,K . The following corollary de-
duced from Theorem 1.1, which, besides other things, unveils a new feature
of them.
Corollary 1.3. (Corollary 6.5) Let π be a supersingular representation of
G containing the Steinberg weight of K. Then, the space πI1,K as a right
module over H(I1,K , 1), is not simple.
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We now review briefly what is known in the literatures (to our knowl-
edge). For a two dimensional continuous irreducible generic Fp-representation
of the absolute Galois group GQ
pf
(f > 1), Breuil and Pasˇku¯nas have as-
sociated it an infinite family of supersingular representations of GL2(Qpf )
([BP12, Theorem 1.5]), and one of these supersingular representation has
been proved by Emerton–Gee–Savitt ([EGS15]) that it will appear globally,
which implies that for such a supersingular representation its pro-p-Iwahori
invariants is equal to the original recipe used to construct it. These in all
suggest1 that the pro-p-Iwahori invariants of supersingular representations
of GL2(F ), as right modules over the its pro-p-Iwahori–Hecke algebra, might
not be simple in general, unless F = Qp.
Our Corollary 1.3 is in a different manner from the result on GL2(Qpf )
(f > 1) mentioned above, and the condition of requiring to contain the
Steinberg weight, as remarked above, is likely satisfied by infinitely many
non-isomorphic supersingular representations of G.
The paper is organized as follows. In section 2, we fix notations and
review some preliminaries facts that we will use. In section 3, we propose
a naive conjecture on the pro-p-Iwahori invariants of supersingular repre-
sentations of G. In section 4, we describe the image of the pro-p-Iwahori
invariants of a maximal compact induction under certain group operators.
In section 6, we prove our main results.
2 Notations and Preliminaries
2.1 General notations
Let F be a non-archimedean local field of odd residue characteristic p,
with ring of integers oF and maximal ideal pF , and kF be its residue field
of cardinality q = pf . Fix a separable closure Fs of F . Let E be the
unramified quadratic extension of F in Fs. We use similar notations oE , pE ,
kE for analogous objects of E. Fix a uniformizer ̟E in E. We equip E
3
with the Hermitian form h:
h : E3 ×E3 → E, (v1, v2) 7→ v
T
1 βv2, v1, v2 ∈ E
3.
Here, − denotes the non-trivial Galois conjugation on E/F , inherited by
E3, and β is the matrix 
0 0 10 1 0
1 0 0

.
1We heard of this from Prof. Pasˇku¯nas several years ago.
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The unitary group G is defined as:
G = {g ∈ GL(3, E) | h(gv1, gv2) = h(v1, v2),∀ v1, v2 ∈ E
3}.
Let B = HN (resp, B′ = HN ′) be the subgroup of upper (resp, lower)
triangular matrices of G, with N (resp, N ′) the unipotent radical of B (resp,
B′) and H the diagonal subgroup of G. Denote an element of the following
form in N and N ′ by n(x, y) and n′(x, y) respectively:
1 x y0 1 −x¯
0 0 1

,

1 0 0x 1 0
y −x¯ 1

 ,
where (x, y) ∈ E2 satisfies xx¯ + y + y¯ = 0. For any k ∈ Z, denote by Nk
(resp, N ′k) the subgroup of N (resp, N
′) consisting of n(x, y) (resp, n′(x, y))
with y ∈ pkE . For x ∈ E
×, denote by h(x) an element in H of the following
form: 
x 0 00 −x¯x−1 0
0 0 x¯−1

 .
Up to conjugacy, the group G has two maximal compact open subgroups
K0 and K1, given by:
K0 =

oE oE oEoE oE oE
oE oE oE

 ∩G, K1 =

oE oE p
−1
E
pE oE oE
pE pE oE

 ∩G.
The maximal normal pro-p subgroups of K0 and K1 are respectively:
K10 = 1 +̟EM3(oE) ∩G, K
1
1 =

1 + pE oE oEpE 1 + pE oE
p2E pE 1 + pE

 ∩G.
Let α be the following diagonal matrix in G:
̟
−1
E 0 0
0 1 0
0 0 ̟E

,
and put β′ = βα−1. Note that β ∈ K0 and β
′ ∈ K1. We use βK to denote
the unique element in K ∩ {β, β′}.
Let K ∈ {K0,K1}, and K
1 be the maximal normal pro-p subgroup of
K. We identify the finite group ΓK = K/K
1 with the kF -points of an
algebraic group defined over kF , denoted also by ΓK : when K is K0, ΓK
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is U(2, 1)(kE/kF ), and when K is K1, ΓK is U(1, 1) × U(1)(kE/kF ). Let
B (resp, B′) be the upper (resp, lower) triangular subgroup of ΓK , and U
(resp, U′) be its unipotent radical.
The Iwahori subgroup IK (resp, I
′
K) and pro-p Iwahori subgroup I1,K
(resp, I ′1,K) in K are the inverse images of B (resp, B
′) and U (resp, U′) in
K. Recall we have the following Bruhat decomposition for K:
K = IK ∪ IKβKIK .
Put H0 = H ∩ IK , and H1 = H ∩ I1,K . As H0/H1 ∼= IK/I1,K , we
will identify the characters of these groups. For a character χ of H0, i.e., a
character ofH0/H1, denote by χ
s the character given by χs(h) := χ(βKhβK)
Denote by nK and mK the unique integers such that N ∩ I1,K = NnK
and N ′ ∩ I1,K = N
′
mK . We have:
nK +mK = 1
Note that the coset spaces NnK/NnK+1 and N
′
mK
/N ′mK+1 are indeed
groups of order respectively qtK and q4−tK , for tK = 3 or 1, depending on
K is hyperspecial or not.
We will use the following group:
Lq3 := {(x, t) ∈ k
2
E | xx¯+ t+ t¯ = 0},
and its central subgroup:
Lq := {(0, t) | t+ t¯ = 0}.
Here, the group structure of Lq3 is given by
(x, t) · (x′, t′) := (x+ x′, t+ t′ − x′x¯).
We may identify these groups naturally:
LnK : NnK/NnK+1
∼= LqtK
n(x,̟nKE t) 7→ (x̟
−nK
E , t)(mod pE)
LmK : N
′
mK
/N ′mK+1
∼= Lq4−tK
n′(̟Ex,̟
mK
E t) 7→ (x̟
2−mK
E , t)(mod pE)
Here, the elements x and t on the left hand side lie in oE .
We fix a non-zero element t ∈ o×E with trace zero.
All the representations of G and its subgroups considered in this paper
are smooth over Fp.
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2.2 The spherical Hecke algebra H(K, σ)
Let K be a maximal compact open subgroup of G, and (σ,W ) be an
irreducible smooth representation of K. As K1 is pro-p and normal, σ fac-
tors through the finite group ΓK = K/K
1, i.e., σ is the inflation of an
irreducible representation of ΓK . Conversely, any irreducible representa-
tion of ΓK inflates to an irreducible smooth representation of K. We may
therefore identify irreducible smooth representations of K with irreducible
representations of ΓK , and we shall call them weights of K or ΓK from now
on.
It is known that σI1,K and σI′1,K are both one-dimensional, and that
the natural composition map σI1,K →֒ σ ։ σI′1,K is an isomorphism of
vector spaces ([CE04, Theorem 6.12]). Denote by jσ the inverse of the map
aforementioned. For v ∈ σI1,K , we have jσ(v¯) = v, where v¯ is the image of
v in σI′1,K . By composition, we view jσ naturally a map in EndFp(σ).
Let indGKσ be the smooth representation of G compactly induced from
σ, i.e., the representation of G with underlying space S(G,σ)
S(G,σ) = {f : G→W | f(kg) = σ(k) · f(g),∀ k ∈ K, g ∈
G, smooth with compact support}
and G acting by right translation.
The spherical Hecke algebra H(K,σ) is defined as EndG(ind
G
Kσ). By
[BL94, Proposition 5], it is isomorphic to the convolution algebra HK(σ):
HK(σ) = {ϕ : G→ EndFp(σ) | ϕ(kgk
′) = σ(k)ϕ(g)σ(k′),∀ k, k′ ∈ K, g ∈
G, smooth with compact support}
Let ϕ be the function in HK(σ), supported on KαK and satisfying
ϕ(α) = jσ. Denote by T the Hecke operator in H(K,σ), which corresponds
to the function ϕ via the isomorphism aforementioned between HK(σ) and
H(K,σ). We refer the readers to [Xu16, (4)] for a formula of T .
The structure of the algebra H(K,σ) is well-understood, and it is iso-
morphic to Fp[T ] ([Her11b, Corollary 1.3]).
2.3 Definition of supersingular representations
Let σ be a weight of K, and χσ be the character of IK for its action on
the line σI1,K .
2.3.1 Hecke eigenvalues of principal series for T
In this part, we follow along the lines in [BL95] to compute the Hecke
eigenvalue of a general principal series of G for T .
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Lemma 2.1. For a character ε of B, the space HomG(ind
G
Kσ, ind
G
Bε) is at
most one dimensional, and it is non-zero if and only if
ε |H∩K= χ
s
σ.
Proof. As we have an Iwasawa decomposition G = BK, the argument is
identical to that of [BL94, Proposotion 23].
When the condition in Lemma 2.1 is satisfied, the space
HomG(ind
G
Kσ, ind
G
Bε)
is one dimensional, and thus it affords a character of the spherical Hecke
algebra H(K,σ).
Proposition 2.2. The eigenvalue of T on the space HomG(ind
G
Kσ, ind
G
Bε)
is:
ε(α) +
∑
(x,t)∈L×
q4−tK
χσ(h(t))
Proof. The argument of [Xu14, Proposition 3.24] for K0 can be slightly
modified to work for any K.
We will say the weight σ is degenerate, if∑
(x,t)∈L×
q4−tK
χσ(h(t)) 6= 0,
Otherwise, we say σ is regular. Note that when χσ = 1, it is trivial to see
the above sum is equal to −1.
Remark 2.3. The value of the sum
∑
(x,t)∈L×
q4−tK
χσ(h(t)) appearing in
Proposition 2.2 is known, and the readers are referred to [KX15, Appendix
A] for a full list of it. In terms of loc.cit, the degenerate case will only
happen in two situations:
1). χσ is of the trivial type.
2). χσ is hybrid and K is hyperspecial.
When σ is degenerate, we have (loc.cit):∑
(x,t)∈L×
q4−tK
χσ(h(t)) = −χσ(h(t)).
7
2.3.2 The Hecke operator Tσ
On account of Proposition 2.2, we consider Tσ ∈ H(K,σ) given by:
Tσ := T −
∑
(x,t)∈L×
q
4−tK
χσ(h(t))
Definition 2.4. An irreducible smooth representation π of G is called su-
persingular if it is a quotient of indGKσ/(Tσ), for some weight σ of K.
Remark 2.5. Recall from [AHHV17, III, Part A], an irreducible admissible
smooth representation π of a p-adic reductive group G is supersingular, if
it contains a weight σ (w.r.t a special parahoric subgroup K), satisfying that
the space
HomG(ind
G
Kσ, π)
admits a supersingular Hecke eigenvalue for the center ZG(σ) of the spher-
ical Hecke algebra H(K,σ). Here, the assumption of admissibility, as far as
we understand, can be replaced by the existence of Hecke eigenvalue. In our
case G = U(2, 1),
a). the existence of Hecke eigenvalue is proved in [Xu18].
b). a character of H(K,σ) is supersingular if and only if it kills the
maximal ideal (Tσ) ([AHHV17, III 4, Corollary]).
2.4 The space (indGKσ)
I1,K
Let σ be a weight of K. Fix a non-zero vector v0 ∈ σ
I1,K . Let fn be the
function in (indGKσ)
I1,K , supported on Kα−nI1,K , such that
fn(α
−n) =
{
βK · v0, n > 0,
v0 n ≤ 0.
Then, we have the following ([Xu16, Lemma 3.5])
Lemma 2.6. The set of functions {fn | n ∈ Z} consists of a basis of the
I1,K-invariants of ind
G
Kσ.
3 dimFppi
I1,K ≥ 2 for supersingular pi: a conjecture
3.1 Some motivational remarks
The simple modules of the pro-p-Iwahori–Hecke algebra H(I1,K , 1) of G
were classified in [KX15], and they are either one or two dimensional. The
so-called simple supersingular modules are all one-dimensional characters,
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and all non-supersingular simple modules arise from the I1,K-invariants of
irreducible subquotients of principal series. The goal of this paper is to prove
that the subspace of I1,K-invariants of certain supersingular representation
π is at least two dimensional.
To address our result, we remind the readers of a simple but impor-
tant fact from classical case (i.e., complex case). The following is [BH06,
Proposition 4.3, (2)]:
Proposition 3.1. For a locally profinite group G and a compact open sub-
group K, the process π 7→ πK induces a bijection between the following two
sets:
a). equivalence classes of irreducible smooth representations π of G such
that πK 6= 0.
b). isomorphic classes of simple H(K, 1)-modules.
As far as we know, the pro-p-Iwahori invariants of supersingular repre-
sentations are only fully understood for the group GL2(Qp) ([Bre03]) and
some closely related cases, and in these cases the pro-p-Iwahori invariants
are still simple modules; beyond GL2(Qp), very little is known. For the
group GL2(Qpf ) (f > 1), certain supersingular representation constructed
by Breuil and Pasˇku¯nas in [BP12] has been proved in the recent work of
Emerton–Gee–Savitt ([EGS15]) that it appears in the cohomology of a suit-
able Shimura curve, and that its pro-p-Iwahori invariants matches the orig-
inal recipe used to construct it. To our knowledge, that is the only case
beyond GL2(Qp) for a single supersingular representation its pro-p-Iwahori
invariants is known. In all, these work provide the first examples that the
analogue of Proposition 3.1 above fail in the p-modular representation the-
ory.
Our main input (Theorem 6.1) proved in this paper, combined something
natural, that is the pro-p-Iwahori invariants of an admissible supersingular
representation only admits supersingular subquotient 2, shows that the ana-
logue of Proposition 3.1 fails wildly for supersingular representations of G,
or possibly always fails.
3.2 dimFppi
I1,K ≥ 2 for any supersingular pi ?
We propose the following:
Conjecture 3.2. Let σ be a weight of K. Then, for any irreducible quo-
tient π of indGKσ/(Tσ), the images of the functions f0 and f1 in π are not
proportional.
2This is indeed a theorem of Ollivier–Vigne´ras [OV17] now, if one assumes admissibility.
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We end this part by some general but more related comments.
1). The images of the functions f0 and f1 are linearly independent in
indGKσ/(Tσ) ([Xu17, Corollary 2.10]).
2). An analogue of Conjecture 3.2 for GL2 holds and is indeed implicitly
verified in [BL94]. See Theorem 7.2 in Section 7.
3). Our strategy to prove Conjecture 3.2 is naturally by contradiction.
Assume there is some c ∈ F
×
p such that
the image of f0 + c · f1 in π is zero.
Then starting from such a function we proceed to generate more functions
whose images in π are still zero, and when σ is the Steinberg weight we find
a contradiction after we take some care in the process.
4 The images of (indGKσ)
I1,K under SK and S−
For a smooth representation π of G, we have introduced two partial
linear maps SK and S− in [Xu17, subsection 4.3] as follows:
SK : π
N ′mK → πNnK ,
v 7→
∑
u∈NnK /NnK+1
uβKv.
S− : π
NnK → πN
′
mK ,
v 7→
∑
u′∈N ′mK /N
′
mK+1
u′βKα
−1v
We have proved these two maps satisfy the following nice property:
Proposition 4.1. If v ∈ πI1,K , then it is the same for SKv and S−v.
Proof. This is [Xu17, (2) of Proposition 4.10].
Our main goal in this section is to apply the maps SK and S− to the
space (indGKσ)
I1,K and determine explicitly the images. It is done in the
following Proposition.
Proposition 4.2. We have:
(1). For n ≥ 1,
SKfn = f−n, S−fn = c−fn.
Here, the constant c− is given by:
c− =
∑
(x,t)∈L×
q
4−tK
χσ(h(t)).
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(2). For n ≥ 0,
SKf−n = dnf−n, S−f−n = fn+1.
Here, the constant dn (n ≥ 1) is given by:
dn =
∑
(x,t)∈L×
q
tK
χσ((h(t));
and the constant d0 is equal to:
d0 =
{
−χσ(h(t)), if σ ∼= a twist of the Steinberg weight;
0, otherwise.
Proof. We will prove SKfn = f−n for n ≥ 1 and S−f−n = fn+1 for n ≥ 0 at
first.
For n ≥ 1, the support of the function SKfn is contained in:
Kα−nI1,KβKNnK = Kα
nI1,K .
Then, by Proposition 4.1 and [Xu16, Remark 3.8], the function SKfn is
proportional to f−n. We compute:
SKfn(α
n) =
∑
u∈NnK /NnK+1
fn(α
nuβK) = fn(α
nβK) = v0,
where we note that αnuβK ∈ Kα
nI1,K , for u ∈ NnK \NnK+1 ([Xu17, Lemma
3.7 (3)]). Hence, we have proved SKfn = f−n for n ≥ 1.
For n ≥ 0, the support of the function S−f−n is contained in
KαnI1,KβKα
−1N ′mK = Kα
−(n+1)I1,K .
By Proposition 4.1 and [Xu16, Remark 3.8] again, the function S−f−n is
proportional to fn+1. We compute:
S−f−n(α
−(n+1)) =
∑
u′∈N ′mK
/N ′mK+1
f−n(α
−(n+1)u′αβK) = βKv0,
where we note that α−(n+1)u′αβK ∈ Kα
n+1K, for u′ ∈ N ′mK \ N
′
mK+1
([Xu17, Lemma 3.7 (2), (3)]). Thus, we have verified S−f−n = fn+1, for
n ≥ 0.
We proceed to prove S−fn = c−fn for n ≥ 1; actually we will determine
the value of c− explicitly. The support of the function S−fn is contained in
Kα−nI1,KαβKN
′
mK
⊆ Kαn−1I1,K ∪Kα
nI1,K ,
where the inclusion follows from [Xu17, Lemma 3.7 (1), (3)]. We conclude
that S−fn ∈ 〈f−(n−1), fn〉 by Proposition 4.1 and [Xu16, Remark 3.8]. We
compute:
S−fn(α
n−1) =
∑
u′∈N ′mK /N
′
mK+1
fn(α
n−1u′αβK) =
∑
u′∈N ′mK /N
′
mK+1
v0 = 0.
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It remains to compute S−fn(α
−n):
S−fn(α
−n) =
∑
u′∈N ′mK /N
′
mK+1
fn(α
−nu′αβK).
Note that α−nu′αβK ∈ Kα
n−1I1,K for u
′ ∈ N ′mK+1, and we are reduced to
S−fn(α
−n) =
∑
u′∈(N ′mK \N
′
mK+1
)/N ′mK+1
fn(α
−nu′αβK)
For a u′ = n′(∗,̟mKE t) for some t ∈ o
×
E , we have (using [Xu16, (1)])
α−nu′αβK = n(∗,̟
2n−1+nK
E t
−1)h(t¯−1)α−nn′(∗,̟mKE t
−1).
Thus, we immediately get:
S−fn(α
−n) = (
∑
(x,t)∈L×
q4−tK
χσ(h(t)))βKv0,
here we have identified the group N ′mK/N
′
mK+1
with Lq4−tK , via the map
LmK in the introduction.
Hence, we get
c− =
∑
(x,t)∈L×
q4−tK
χσ(h(t)).
We move to deal with the last statement: SKf−n = dnf−n, for n ≥ 0.
The support of the function SKf−n is contained in
KαnI1,KβKNnK ⊆ Kα
nK
By [Xu16, Remark 3.8], we get:
when n = 0, SKf0 ∈ 〈f0〉;
when n > 0, SKf−n ∈ 〈f−n, fn〉.
We consider the second case at first. Assume n > 0. We compute:
SKf−n(α
−n) =
∑
u∈NnK /NnK+1
f−n(α
−nuβK) =
∑
u∈NnK /NnK+1
βKv0 = 0.
Next, we compute SKf−n(α
n):
SKf−n(α
n) =
∑
u∈NnK /NnK+1
f−n(α
nuβK).
Note that αnuβK ∈ Kα
−nN ′mK , for u ∈ NnK+1. We are thus reduced to:
SKf−n(α
n) =
∑
u∈(NnK \NnK+1)/NnK+1
f−n(α
nuβK).
For u = n(∗,̟nKE t), for some t ∈ o
×
E , we have (using [Xu16, (1)]):
αnuβK = n
′(∗,̟2n−1+mKE t
−1)h(t)αnn(∗,̟nKE t
−1).
Thus, we get
SKf−n(α
n) = (
∑
(x,t)∈L×
q
tK
χσ((h(t)))v0,
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here we have identified the group NnK/NnK+1 with LqtK , via the map LnK
in the introduction. Hence, we get:
dn =
∑
(x,t)∈L×
qtK
χσ((h(t))
Remark 4.3. The exact values of c− and dn (n ≥ 1) depend on the nature of
the character χσ, and they have already been computed explicitly in [KX15,
Appendix A]. Note that c− is the same sum we have used in subsection 2.3.
We still need to compute the constant d0 appearing in SKf0 = d0f0. By
definition, the constant d0 is determined by∑
u∈NnK /NnK+1
uβKv0 = d0v0. (1)
We recall some stuff from [KX15, section 5]:
1). (Definition 5.2 of loc.cit)
To any character χ of H0/H1, a subset JK(χ) ⊂ {s} is attached.
2). (Definition 5.3 of loc.cit)
For any subset J ⊂ JK(χ), one defines a character Mχ,J of the finite
Hecke algebra HΓK := EndΓK (Ind
ΓK
U
1).
3). (Proposition 5.4 of loc.cit)
Every simple module of the algebra HΓK is isomorphic to Mχ,J for some
character χ of H0/H1 and some J ⊂ JK(χ).
4). (Proposition 5.5 of loc.cit)
The functor σ → σU gives a bijection of isomorphism classes of irre-
ducible representations of ΓK and isomorphism classes of simple right HΓK -
modules.
By 4) above, we write our σ as σχσ,J such that:
σU ∼=Mχσ,J ,
for some J ⊂ JK(χσ). Then, by comparing (1) and the right action of HΓK
([KX15, 3.1, (1)]) on σU, we see immediately that
d0 =Mχσ ,J(TβK ),
where TβK is the Hecke operator in HΓK →֒ H(I1,K , 1) which corresponds
to the double coset I1,KβKI1,K . By the identification in [KX15, Proposition
5.7], our statement for the value of d0 now follows from the lists in Definition
5.3 of loc.cit :
d0 =
{
−χσ(h(t)), if σ ∼= a twist of the Steinberg weight
0, otherwise
13
Here, we note that the element βK is different from a normalized one (i.e.,
with determinant 1) used in [KX15] by exactly the diagonal matrix h(t).
Remark 4.4. Our argument for the value of d0 in the Proposition is nearly
formal and works for any σ. But we point out:
1). It is trivial to see d0 = 0 if σ is a character.
2). In the only case that d0 is non-zero, i.e., σ is a twist of the Steinberg
weight, we can work it out by hand without referring to [KX15].
5 f1 6= 0 in the degenerate case
When the weight σ is degenerate, the Hecke operator Tσ is different from
T (Definition 2.4). Because of that, we may verify with ease that the image
of the function f1 in a supersingular π is non-zero.
Proposition 5.1. Assume σ is degenerate, and π is an irreducible quotient
of indGKσ/(Tσ). Then, we have f1 6= 0.
Proof. Recall that when σ is degenerate, we have
Tσ = T + χσ(h(t)).
By the assumption, the image of the function Tσf0 in π is zero. By
[Xu16, Proposition 3.6], we have
Tσf0 = f−1 + λβK ,σf1 + χσ(h(t))f0,
where λβK ,σ is some constant ([Xu17, Remark 2.1]). If the image of f1 in
π is zero, it is the same for the function f−1, as by definitions (or by (1) of
Proposition 4.2) we have:
f−1 = SKf1.
In all, if f1 = 0, then we get χσ(h(t))f0 = 0, i.e., f0 = 0, as χσ(h(t)) 6= 0.
We get a contradiction, as the function f0 generates ind
G
Kσ, and its image
in the irreducible representation π can not be zero.
Remark 5.2. We have indeed verified that the image of f1 is non-zero in
any irreducible quotient of indGKσ/(T − λ) with λ 6= 0.
Remark 5.3. For a supersingular representation π containing a regular
weight σ, we believe f1 is still non-zero in π. But it seems challenging (to
the author) to prove it at this stage.
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6 Proof of Theorem 1.1 and Corollary 1.3
Theorem 6.1. Assume σ is the Steinberg weight. Then Conjecture 3.2
holds.
Proof. Assume Conjecture 3.2 fails, and there is a non-zero c ∈ F
×
p such
that:
the image f(c) of the function f(c) := f0 + c · f1 in π is zero.
Consider the function f ′(c) := SKf(c), which by Proposition 4.2 is equal
to
−f0 + c · f−1,
where we note that d0 = −1 in the current case.
Next, we consider the function f ′′(c) := S−f
′(c), which, by Proposition
4.2 again, is equal to
−f1 + c · f2
Now, by [Xu16, Corollary 3.11], we have Tf1 = f2
3. Recall that in the
current case Tσ = T + 1 (Definition 2.4). Putting all these together, we see
f ′′(c) = (−c− 1)f1 + c · (T + 1)f1
As f ′′(c) = (T + 1)f1 = 0, we get
(−c− 1)f1 = 0.
Thus, we must have c = −1, as f1 6= 0 (Proposition 5.1).
Now we return to consider the function S−f(−1), which, by Proposition
4.2, is equal to
f1 + f1 = 2f1,
where we note that in the current case c− is clearly equal to −1. We then
get a contradiction, as 2f1 6= 0 in π (p 6= 2 !).
Remark 6.2. Note that in Theorem 6.1 we don’t put any restriction on the
field F , e.g., it is not necessary to be characteristic 0. But we do have used
the assumption p 6= 2 !
3Recall we have proved in loc.cit that Tfm = cmfm+fm+1 for anym ≥ 1, even the value
of the constant cm is not recorded explicitly there: it is zero if dimFpσ > 1 (using [Xu17,
Remark 2.1, Lemma 3.7]); when σ is a character, it is equal to
∑
(x,t)∈L×
q
4−tK
χσ(h(t))
(Remark 2.3).
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Remark 6.3. By Theorem 6.1, Theorem 1.1 follows immediately. As the
kernel of any character of G contains the group I1,K , Theorem 1.1 can be
slightly extended to any supersingular representation of G that contains a
twist of the Steinberg weight by a character extendable to G.
Remark 6.4. We remark briefly the cases beyond Theorem 6.1:
a). For a supersingular representation π containing a regular weight σ,
we can also prove f0 and f1 are not proportional in π, if we know f1 6= 0
in π.
b). It seems the strategy we use to prove Theorem 6.1 might not simply
work for a weight like the trivial character of K. But it seems one may
still be able to conclude an analogue of Theorem 1.1 for the trivial weight
case from Theorem 1.1, by changing of weight in this setting (see [Her11a,
Example 6.14], or [Sch14, Corollary 2.17]).
Corollary 6.5. Let π be a supersingular representation of G containing
the Steinberg weight of K. Then, the space πI1,K as a right module over
H(I1,K , 1), is not simple.
Proof. As simple modules of the pro-p-Iwahori–Hecke algebra H(I1,K , 1) are
finite dimensional, for our purpose we may assume4 π is admissible, that is
dim πI1,K < ∞. By [KX15, 4.2], any supersingular module of H(I1,K , 1) is
a character. Thanks to Ollivier–Vigne´ras [OV17, Theorem 5.3, Remark 5.2
(e)], we know the pro-p-Iwahori invariants of an admissible supersingular
representation only admits supersingular subquotients. Now the corollary
follows from Theorem 6.1.
7 Appendix A: some remarks on GL2(F )
In this appendix, we point out that an analogue of Conjecture 3.2 is
true for GL2(F ), due to Barthel–Livne´. Our notations in this appendix are
independent from other parts of this paper.
Let F be a non-archimedean local field, with ring of integers oF and
maximal ideal pF , and let kF be its residue field of characteristic p. Let
G = GL2(F ), K = GL2(oF ) the maximal compact open subgroup of G,
Z = F× the center of G. Let I be the standard Iwahori subgroup of G,
and I1 be the pro-p-Sylow subgroup of I. Let K1 be the first congruence
subgroup ofK, so thatK/K1 ∼= GL2(kF ). Fix a uniformizer̟ in F . Denote
by α and β respectively the following two matrices:
4We would like to thank Karol Kozio l for pointing out this.
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(
1 0
0 ̟
)
,
(
0 1
1 0
)
Put γ = αβ. Note that γ2 = ̟I2 and γ normalizes I1.
Let σ be an irreducible representation of GL2(kF ) over Fp, inflated to
K = GL2(oF ) via the isomorphism K/K1 ∼= GL2(kF ). Conversely, any
irreducible smooth representation of K over Fp arises from such an inflation.
Nowadays, such a representation σ is usually called a weight of GL2(kF ) or
K. We extend σ to a representation of KZ by requiring ̟ acts trivially.
An irreducible smooth Fp-representation of G is called supersingular if
it is a quotient of indGKZσ/(T ), for a weight σ of K, and for certain Hecke
operator T in the spherical Hecke algebra H(KZ,σ) ([BL94, 3.1]).
Fix a non-zero vector v0 ∈ σ
I1 . For n ∈ Z, let ψn be the function in
(indGKZσ)
I1 , supported on KZα−nI1, such that
ψn(α
−n) =
{
β · v0, n > 0,
v0 n ≤ 0.
Remark 7.1. Up to a scalar, the functions ψn defined above coincide that
in [BL94, section 4]. One can simply check
ψ1 = γ · ψ0
Now we are ready to state the following analogue of Conjecture 3.2 for
GL2(F ), due to Barthel–Livne´.
Theorem 7.2. Let σ be a weight of K. Then, the images of ψ0 and ψ1 in
any irreducible quotient of indGKZσ/(T ) are not proportional.
Proof. The is indeed verified in the argument of [BL94, Lemma 35].
Remark 7.3. Note that we can not deduce an analogue of Corollary 6.5 from
Theorem 7.2, as supersingular modules of GL2(F ) are all two-dimensional
([Vig04]). Note also that, when F = Qp, a main input in [Bre03] is to
prove the functions ψ0 and ψ1 together give a basis of the I1-invariants of
indGKZσ/(T ), which fails for any other F .
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